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1. Introduction and results
Let B be a CW complex and let α be a real vector bundle over B . Regarding its sphere bundle S(α) as Z2-space by the
antipodal map on each ﬁber, the index of α, denoted ind(α), is deﬁned to be the largest integer i for which there exists
a Z2-map from Si−1 to S(α) [2,3]. Here, the sphere Si−1 is also regarded as Z2-space by the antipodal map. The underlying
space B is called I-trivial if the equality ind(α) = dimα holds for every vector bundle α over B . With this terminology, the
classical Borsuk–Ulam theorem can be restated as the point space is I-trivial. By [5,8], the sphere Sn is I-trivial if and only
if n = 1,2,4,8. The projective space FPn , where F = R,C or H, is not I-trivial for any positive integer n since the index of
the canonical line bundle over FPn is equal to d(n + 1), where d = dimR F (see [7, Theorem 4.1]). The m-fold suspension of
the projective plane FP2, where m > 0, is known to be I-trivial if and only if m = 1,2,6 for F = R, m = 2,4 for F = C, and
m = 4 for F = H [9,10].
In this paper, we investigate whether or not the stunted projective space FPnm = FPn/FPm−1 (1 m  n) is I-trivial. As
mentioned above, FPnm is not I-trivial in the case m = 1 while it is I-trivial in the case where m = n and dn = 1,2,4,8. Thus,
it might be interesting to ask to what extent of m the space FPnm is not I-trivial with n ﬁxed.
A space B is called W-trivial if W (α) = 1 holds for every vector bundle α over B , where W (α) denotes the total Stiefel–
Whitney class of α. The following lemma is fundamental (see [7, Proposition 2.2]).
Lemma 1.1. A CW complex is I-trivial if it is W-trivial.
For a positive integer n, let λ(n) denote the largest integer r such that 2r  n. Then we express λ(n) as λ(n) = 4a + b,
where a and b are integers with 0 b  3, and we deﬁne θ(n) by θ(n) = 8a+2b , that is, θ(n) = ρ(2λ(n)) with the notation ρ
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R. Tanaka / Topology and its Applications 156 (2009) 932–938 933in [1]. For example, if 1 n < 16, then a = 0 and θ(n) = 2λ(n) . In general, we have θ(n)  n and the equality holds if and
only if n = 1,2,4 or 8.
We have the following result for the real stunted projective space.
Theorem 1.2. Let n be a positive integer. For 1m n, the following three statements are equivalent.
(1) RPnm is not I-trivial.
(2) RPnm is not W-trivial.
(3) 1m θ(n).
By the property of θ(n) mentioned above, this theorem is apparently a generalization of the result for Sn = RPnn . It
should be also noted that in particular, RPnθ(n) is not I-trivial. Speciﬁcally, we take n so that θ(n) = 9 and we ﬁnd that for
example, RP169 is not I-trivial. It is conjectured that this space is the simplest one among all 8-connected complexes that
are not I-trivial.
To state the results for the complex and quaternionic cases, we introduce new functions λC and λH . As before, for
a positive integer n, we denote by λ(n) the largest integer r such that 2r  n. Then we deﬁne λC and λH as
λC(n) :=
{
λ(n) + 1 (λ(n) ≡ 2 mod 4),
λ(n) + 2 (λ(n) ≡ 2 mod 4),
λH(n) :=
{
1
2λ(n) + 1 (λ(n) ≡ 0 mod 4),
2[ 14λ(n)] + 2 (λ(n) ≡ 0 mod 4),
where [x] denotes the largest integer  with  x.
It is easy to see that λC(n)  n and λH(n)  n hold for all n, and the equalities hold if and only if n = 1,2,4 for λC
and n = 1,2 for λH . Since λ(n) = [log2 n] by deﬁnition, λC(n) and λH(n) are very small compared with n when n is large
enough.
We have the following theorem for the complex and quaternionic stunted projective spaces.
Theorem 1.3. Let n be a positive integer and let F = C or H. For 1m n, the following three statements are equivalent.
(1) FPnm is not I-trivial.
(2) FPnm is not W-trivial.
(3) 1m λF (n).
Throughout this paper, all cohomology is assumed to have coeﬃcients Z2 unless otherwise stated.
2. Proof of Theorem 1.2
Let ϕ(k) denote the number of integers i such that 0 < i  k and i ≡ 0,1,2,4 mod 8. We remark that k < 2ϕ(k) for any
positive integer k.
Lemma 2.1. For positive integers n and m, we have m θ(n) if and only if 2ϕ(m−1)  n.
Proof. We ﬁrst observe the relations ϕ(θ(n) − 1) = λ(n) and ϕ(θ(n)) = λ(n) + 1. In fact, let λ(n) = 4a + b with 0  b  3.
Then, since θ(n) = 8a + 2b by deﬁnition, we have ϕ(θ(n) − 1) = ϕ(8a + 2b − 1) = 4a + b = λ(n), and also ϕ(θ(n)) =
ϕ(8a + 2b) = 4a + b + 1 = λ(n) + 1. Now, suppose that m  θ(n), that is, m − 1  θ(n) − 1. Then ϕ(m − 1)  λ(n) from
the above observation, so that we have 2ϕ(m−1)  2λ(n)  n. Next, suppose that m > θ(n), that is, m − 1  θ(n). Then
ϕ(m − 1) λ(n) + 1 from the above observation, so that we have 2ϕ(m−1)  2λ(n)+1 > n. 
By Lemmas 2.1 and 1.1, to prove Theorems 1.2, it suﬃces to prove the following two propositions.
Proposition 2.2. Let 1m n. If 2ϕ(m−1) > n, then RPnm is W-trivial.
Proposition 2.3. Let 1m n. If 2ϕ(m−1)  n, then RPnm is not I-trivial.
These propositions are trivially true in the case m = 1, so we assume m > 1 from now on. For m n, let
RPm−1 i−→ RPn j−→ RPnm
be the standard coﬁbration. We denote by ξ the canonical line bundle over RPn .
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∗ : H∗(RPnm) → H∗(RPn) is injective, we
have W (α) = 1 if j∗(W (α)) = 1, that is, if W ( j∗(α)) = 1. Consider the exact sequence
0 ←− K˜O(RPm−1) i∗←− K˜O(RPn) j∗←−− K˜O(RPnm).
The image of j∗ in the above sequence is generated by the stable class of 2ϕ(m−1)ξ . Let t denote the generator of H∗(RPn).
For any integer k, we have W (k2ϕ(m−1)ξ ) = (1+ t)k2ϕ(m−1) = (1+ t2ϕ(m−1) )k , which is equal to 1 for all k when 2ϕ(m−1) > n.
This proves Proposition 2.2. 
Proof of Proposition 2.3. Consider the exact sequence[
RPm−1,BO
(
2ϕ(m−1)
)] i∗←− [RPn,BO(2ϕ(m−1))] j∗←−− [RPnm,BO(2ϕ(m−1))].
Since m − 1 < 2ϕ(m−1) , we have [RPm−1,BO(2ϕ(m−1))] ∼= K˜O(RPm−1) ∼= Z2ϕ(m−1) by the bundle stability theorem. Hence, if
we interpret the vector bundle 2ϕ(m−1)ξ as an element of [RPn,BO(2ϕ(m−1))], we have i∗(2ϕ(m−1)ξ ) = 0. Thus, there is α,
an element of [RPnm,BO(2ϕ(m−1))], such that j∗(α) = 2ϕ(m−1)ξ . Consider α as a vector bundle over RPnm . Then j∗(α) is
isomorphic to 2ϕ(m−1)ξ . Thus we have a Z2-map
Sn = S(ξ) ↪→ S(2ϕ(m−1)ξ) j−→ S(α).
Hence we have ind(α) n+1. On the other hand, we have dimα = 2ϕ(m−1) . Therefore, if we assume 2ϕ(m−1)  n, we obtain
ind(α) > dimα and we conclude that RPnm is not I-trivial. This completes the proof of Proposition 2.3. 
3. The complex case
For a positive integer n, let λ(n) be the largest integer r such that 2r  n. We then deﬁne λC(n), as in Section 1, by
λ(n) + 1 if λ(n) ≡ 2 (mod 4) and by λ(n) + 2 if λ(n) ≡ 2 (mod 4).
Lemma 3.1. For positive integers n and m, we have m  λC(n) if and only if 2m−1  n when m ≡ 0 mod 4 and 2m−2  n when
m ≡ 0 mod 4.
Proof. We ﬁrst prove the ‘if ’ part. In the case m ≡ 0 (mod 4), we have m  λ(n) + 1 by the deﬁnition of λ(n) and the
assumption 2m−1  n, so that we have m λC(n). In the case m ≡ 0 (mod 4), we similarly have m λ(n)+2. If m = λ(n)+2,
we have λ(n) ≡ 2 (mod 4), so that we have m = λC(n). Thus we have m λC(n) also in this case. This completes the proof
of ‘if ’ part. Conversely, let m  λC(n). In the case where m  λ(n) + 1, we have 2m−1  2λ(n)  n. In the case where
m = λ(n) + 2, we have m ≡ 0 (mod 4) since λ(n) ≡ 2 (mod 4) in this case, and we have 2m−2 = 2λ(n)  n. This proves the
‘only if ’ part. 
Thus, to prove the complex case in Theorems 1.2, it suﬃces to prove the following two propositions.
Proposition 3.2. Let 1m n. Suppose that 2m−1 > n whenm ≡ 0mod 4 and 2m−2 > n whenm ≡ 0mod 4. ThenCPnm isW-trivial.
Proposition 3.3. Let 1 m  n. Suppose that 2m−1  n when m ≡ 0 mod 4 and 2m−2  n when m ≡ 0 mod 4. Then CPnm is not
I-trivial.
Let η be the canonical complex line bundle over CPn and let x denote the class of r(η − 1), where r is realiﬁcation. To
prove Propositions 3.2 and 3.3, we need the following theorem and lemma.
Theorem 3.4. ([6, Theorem 3.9]) K˜O(CPn) is generated by x with the following relations:
(1) x2+1 = 0 when n = 4,
(2) 2x2+1 = 0, x2+2 = 0 when n = 4 + 1,
(3) x2+2 = 0 when n = 4 + 2 or n = 4 + 3.
Lemma 3.5. Let t be the generator of H∗(CPn). For k 1, we have the following.
(1) W
(
r(η)k
)= { (1+ t)2k−1 (k odd),
1 (k even).
(2) W
(
(−1)k−1xk)= (1+ t)4k−1 .
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the total Chern class of η. Assume the claim is true up to k. Let 1 + t = (1 + s)2 be a formal factorization of W (r(η)).
When k is odd, we have W (r(η)k) = (1 + t)2k−1 = (1 + s)2k by the inductive assumption. By an analogous formula to For-
mula III of Theorem 4.4.3 in [4], we obtain W (r(η)k+1) = W (r(η)k ⊗ r(η)) = (1 + s + s)2k (1 + s + s)2k = 1. When k is
even, we have W (r(η)k) = 1 = (1 + 0)2k by the inductive assumption. Then we obtain W (r(η)k+1) = W (r(η)k ⊗ r(η)) =
(1 + 0 + s)2k (1 + 0 + s)2k = (1 + t)2k . This completes the proof of (1). Next we prove (2). Since xk = (r(η) − 2)k =∑
i
(k
i
)
(−2)k−ir(η)i , we have (−1)k−1xk =∑i(−1)i+12k−i(ki)r(η)i . Using (1), we calculate
W
(
(−1)k−1xk)= W(∑
i
(−1)i+12k−i
(
k
i
)
r(η)i
)
=
∏
i
W
(
r(η)i
)(−1)i+12k−i(ki)
=
∏
i:odd
(1+ t)2i−1·2k−i(ki)
= (1+ t)
∑
i:odd 2k−1(
k
i)
= (1+ t)4k−1 .
Thus (2) is obtained. 
Now we prove Propositions 3.2 and 3.3. Let CPm−1 i−→ CPn j−→ CPnm be the standard coﬁbration. Then we have the
following exact sequence.
0 ←− K˜O(CPm−1) i∗←− K˜O(CPn) j∗←−− K˜O(CPnm)←− 0.
Proof of Proposition 3.2. Let α be an arbitrary vector bundle over CPnm . Since j
∗ : H∗(CPnm) → H∗(CPn) is injective, we
have W (α) = 1 if j∗(W (α)) = 1, that is, if W ( j∗(α)) = 1. From Theorem 3.4, we see that the image of j∗ in the above
sequence is additively generated by
(1) x2+1 and xk ’s of higher degrees when m − 1 = 4,
(2) 2x2+1, x2+2 and xk ’s of higher degrees when m − 1 = 4 + 1,
(3) x2+2 and xk ’s of higher degrees when m − 1 = 4 + 2 or m − 1 = 4 + 3.
Therefore, j∗(α) is a linear combination of those xk ’s stated as above. Since H∗(CPn) = Z2[t]/(tn+1), using the Whitney
sum formula and the formula W ((−1)k−1xk) = 1+ t4k−1 of Lemma 3.5, we see that W ( j∗(α)) = 1 if
(1) n < 42 when m − 1= 4,
(2) n < 2 · 42 when m − 1= 4 + 1,
(3) n < 42+1 when m − 1 = 4 + 2 or m − 1 = 4 + 3.
The above condition is equivalent to n < 2m−1 when m − 1 = 4 + 3, and to n < 2m−2 when m − 1 = 4 + 3. This proves
Proposition 3.2. 
Proof of Proposition 3.3. Since r(η) has inﬁnite order in K˜O(CPm−1), a method analogous to that of the real case does not
work well. Suppose that n  2m−1 when m ≡ 0 (mod 4) and n  2m−2 when m ≡ 0 (mod 4). We ﬁnd a vector bundle α
over CPnm such that ind(α) > dimα. In view of the image of j
∗ : K˜O(CPnm) → K˜O(CPn) as in the previous proof, we can
choose a vector bundle α over CPnm so that in K˜O(CP
n)
(1) j∗(α) = x2+1 when m = 4 + 1,
(2) j∗(α) = 2x2+1 when m = 4 + 2,
(3) j∗(α) = −x2+2 when m = 4 + 3 or m = 4 + 4.
Since the underlying space CPnm is 2n-dimensional, we can take α so that dimα = 2n. Let π :RP2n → CPn be the composite
map of the inclusion RP2n ↪→ RP2n+1 and the standard ﬁbering RP2n+1 → CPn . Let s denote the generator of H∗(RP2n).
Then we have W (π∗((−1)k−1xk)) = π∗((1+ t)4k−1 ) = (1+ s2)4k−1 = (1+ s)2·4k−1 . Hence we have
(1) W (π∗ j∗(α)) = (1+ s)2m when m = 4 + 1,4 + 2 or 4 + 3,
(2) W (π∗ j∗(α)) = (1+ s)2m−1 when m = 4 + 4.
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dimα = 2n. From (1) just above we have W (π∗ j∗(α)) = (1 + s)2m (1 + 0)2n−2m . Hence, we obtain W (π∗ j∗(α) ⊗ ξ) = (1 +
s+ s)2m (1+ 0+ s)2n−2m = (1+ s)2n−2m . Here ξ is the canonical line bundle over RP2n . Thus, we have w1(π∗ j∗(α) ⊗ ξ) = 0
because 2n − 2m is even, and we also have w2n(π∗ j∗(α) ⊗ ξ) = 0 because 2m > 0. Therefore π∗ j∗(α) ⊗ ξ is orientable
and the only obstruction to its non-zero cross section is the Euler class χ(π∗ j∗(α) ⊗ ξ) ∈ H2n(RP2n;π2n−1(S2n−1)).
Since the mod 2 reduction H2n(RP2n;Z) → H2n(RP2n) is an isomorphism, it follows that this obstruction vanishes be-
cause w2n(π∗ j∗(α) ⊗ ξ) = 0. Therefore, we can decompose π∗ j∗(α) ⊗ ξ into the form 1 ⊕ β for some vector bundle β
with dimβ = 2n − 1, so that we can write π∗ j∗(α) as π∗ j∗(α) = ξ ⊕ (β ⊗ ξ). Now consider the bundle monomorphism
ξ ↪→ π∗ j∗(α) j◦π−−−→ α. Since S(ξ) = S2n , we obtain a Z2-map S2n → S(α) by restricting the above bundle monomor-
phism to the sphere bundles. Therefore we obtain ind(α)  2n + 1. Since dimα = 2n, it follows that RPnm is not
I-trivial.
The proof for the case where m ≡ 0 (mod 4) is similarly done by using the formula (2) above, that is, W (π∗ j∗(α)) =
(1+ s)2m−1 . 
4. The quaternionic case
For a positive integer n, denoting by λ(n) the largest integer r such that 2r  n as before, we deﬁne λH(n) by 12λ(n) + 1
if λ(n) ≡ 0 (mod 4) and by 2[ 14λ(n)] + 2 if λ(n) ≡ 0 (mod 4).
Lemma 4.1. For positive integers n andm, we have m λH(n) if and only if 22m−3  n whenm is even and 22m−2  n whenm is odd.
Proof. We write λ(n) = 4a + b with 0  b  3. Then λH(n) = 2a + 1 if b = 0 and λH(n) = 2a + 2 if b = 0. We ﬁrst prove
the ‘if ’ part. For m even, we have 2m − 3 4a + b, that is, m 2a + 12 (b + 3), by the deﬁnition of λ(n) and the assumption
22m−3  n. From this, in the case where b = 0,1 or 2, we clearly have m  λH(n). In the case b = 3, we have m  2a + 2
since m is even, so that m λH(n). We similarly have m λH(n) also for m odd. Next we prove the ‘only if ’ part. Assume
m λH(n). In the case where b = 0,2 or 3, we easily have m 12λ(n) + 1, that is, 2m − 2 λ(n), so that 22m−2  n. In the
case b = 1, we have m  2a + 2 = 12λ(n) + 32 , that is, 2m − 3 λ(n), so that 22m−3  n. Moreover, if m is odd in this case,
we have m  2a + 1 = 12λ(n) + 12 , that is, 2m − 1 λ(n), so that 22m−1  n. Thus, in any case, we obtain 22m−3  n for m
even and 22m−2  n for m odd. 
By the above lemma, to prove the quaternionic case in Theorem 1.2, it suﬃces to prove the following two propositions.
Proposition 4.2. Let 1m n. Suppose that 22m−3 > n when m is even and 22m−2 > n when m is odd. Then HPnm is W-trivial.
Proposition 4.3. Let 1m n. Suppose that 22m−3  n when m is even and 22m−2  n when m is odd. Then HPnm is not I-trivial.
Let ρ be the canonical quaternionic line bundle over HPn . We consider it as a complex bundle. Let r and c denote
realiﬁcation and complexiﬁcation respectively.
Theorem 4.4. ([6, Theorems 3.11 and 3.12]) Let y be the class of ρ − 2 and let z = r(y).
(1) K (HPn) = Z[y]/(yn+1).
(2) K˜O(HPn) is generated by z and some u with the relations zn+1 = 0, z2 = 4u.
To prove Propositions 4.2 and 4.3, we prepare some lemmas.
Lemma 4.5. The homomorphisms c :KO(HPn) → K (HPn) and r : K (HPn) → KO(HPn) are given by the following.
(1) c(z) = 2y, c(u) = y2 .
(2) r(y2k) = 2uk, r(y2k+1) = zuk.
Proof. We have c(z) = c(r(y)) = y + t(y) = 2y, where t is the complex conjugation and we used [6, Lemma 3.14]. Hence
c(4u) = c(z2) = 4y2. Since K (HPn) has no torsions, we obtain c(u) = y2. Thus we obtain (1). Next, we prove (2) us-
ing (1). We ﬁrst have r(y2k) = r(c(uk)) = 2uk . We also have r(2y2k+1) = r(2y · y2k) = r(c(z) · c(uk)) = r(c(zuk)) = 2zuk . Since
KO(HPn) has no torsions, we obtain r(y2k+1) = zuk . 
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(1) W
(
r
(
ρk
))= { (1+ t)2k−1 (k odd),
1 (k even).
(2) W
(−uk)= (1+ t)24k−3 (k 1), W (zuk)= (1+ t)24k (k 0).
Proof. Let C(ρ) = (1 + s)(1 − s) be a formal factorization of the Chern class of ρ . Then we claim that C(ρk) has a formal
factorization of the form
C
(
ρk
)= 2k−1∏
j=1
(1+ a js)(1− a js)
where a j ’s are integers and they are all even or all odd according as k is even or odd. We prove this by induction on k. The
case k = 1 is obviously true. Assuming the statement is true for k, we have
C
(
ρk+1
)= C(ρk ⊗ ρ)
=
∏
(1+ a js + s)(1+ a js − s)(1− a js + s)(1− a js − s)
=
∏(
1+ (a j + 1)s
)(
1− (a j + 1)s
)(
1+ (a j − 1)s
)(
1− (a j − 1)s
)
,
so that the statement is true for k + 1. Now, since W (r(ρk)) is equal to the mod 2 reduction of C(ρk), the formula (1) of
the lemma is obtained from the above statement. Next we prove (2). By Lemma 4.5, we have W (2uk) = W (r(y2k)), which
is equal to the mod 2 reduction of C(y2k). Since C(y2k) = C((ρ − 2)2k) = C(∑ j(−2)2k− j(2kj )ρ j) =∏ j C(ρ j)(−2)2k− j(2kj ) , we
can calculate using (1) as follows.
W
(
2uk
)= mod 2 reduction of C(y2k)
=
∏
j
W
(
r(ρ) j
)(−2)2k− j(2kj )
=
∏
j:odd
(1+ t)2 j−1·(−2)2k− j(2kj )
= (1+ t)−
∑
j:odd 22k−1(
2k
j )
= (1+ t)−24k−2 .
Hence we obtain W (−2uk) = (1 + t)24k−2 , that is, W (−uk)2 = (1 + t)24k−2 . Since we did not use any dimension reason
of HPn , this holds also for HP2n . Thus, in H∗(HP2n) we obtain W (−uk) = (1 + t)24k−3 + a1tn+1 + · · · + ant2n with some
a j ’s ∈ Z2, where we are abusing the notations u and t . By the naturality, we obtain W (−uk) = (1 + t)24k−3 in H∗(HPn).
Similarly, by Lemma 4.5, we have W (zuk) = W (r(y2k+1)), which is equal to the mod 2 reduction of C(y2k+1), so that we
obtain
W
(
zuk
)= (1+ t)∑ j:odd 22k(2k+1j )
= (1+ t)24k
by a similar calculation. 
Now we are ready to prove Propositions 4.2 and 4.3. Let HPm−1 i−→ HPn j−→ HPnm be the standard coﬁbration and
consider the exact sequence
0 ←− K˜O(HPm−1) i∗←− K˜O(HPn) j∗←−− K˜O(HPnm).
Proof of Proposition 4.2. Since j∗ : H∗(HPnm)→H∗(HPn) is injective, it suﬃces to show that all Stiefel–Whitney classes
vanish on the image of j∗ : K˜O(HPnm) → K˜O(HPn). From Theorem 4.4, we see that the image of j∗ is additively generated by
(1) u , zu and uk ’s, zuk ’s of higher degrees when m = 2,
(2) zu , u+1 and zuk ’s, uk ’s of higher degrees when m = 2 + 1.
Since H∗(HPn) = Z2[t]/(tn+1), we ﬁnd by Lemma 4.6 that HPnm is W-trivial if
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(2) n < 24 when m = 2 + 1.
This proves Proposition 4.2. 
Proof of Proposition 4.3. Suppose that n  22m−3 when m is even and n  22m−2 when m is odd. We can choose a vector
bundle α over HPnm with dimα = 4n so that in K˜O(HPn) we have
(1) j∗(α) = −u when m = 2,
(2) j∗(α) = zu when m = 2 + 1.
Then, from Lemma 4.6, we have W ( j∗(α)) = (1 + t)22m−3 when m is even and W ( j∗(α)) = (1 + t)22m−2 when m is odd.
Let π :RP4n → HPn be the composite map of the inclusion RP4n ↪→ RP4n+3 and the standard ﬁbering RP4n+3 → HPn .
Analogously to the complex case, we obtain w1(π∗ j∗(α) ⊗ ξ) = 0 and w4n(π∗ j∗(α) ⊗ ξ) = 0 because of the hypothesis,
and we can show that π∗ j∗(α) contains the canonical line bundle ξ of RP4n as a subbundle. The bundle monomorphism
ξ ↪→ π∗ j∗(α) j◦π−−−→ α gives a Z2-map S4n → S(α), so that we obtain ind(α) 4n+1> 4n = dimα. Thus HPnm is not I-trivial
under the hypothesis. 
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